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Abstract 

We use one-loop Heavy Meson Chiral Perturbation Theory (HMChPT) as well 
as a relativistic formulation to calculate the chiral logarithms log (m^//u^) con- 
tributing to the formfactors of the semileptonic i? — t- vr decays at momentum transfer 
q'^ away from g^ax — i^B — "Itt)^- We give arguments why this chiral behavior is 
reliable even in the energy regime with hard or fast pions. These results can be used 
to extrapolate the formfactors calculated on the lattice to lower light meson masses. 



PACS: 12.39.Fe Chiral Lagrangians, 13. 20. He Decays of bottom mesons, 13.20.Fc Decays 
of charmed mesons, 11.30.Rd Chiral symmetries 
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1 Introduction 



The study of the formfactors of semileptonic S — )■ vr and D ^ it decays has become a task 
of primary importance for the determination of the KM matrix elements \Vub\ and \Vcd\ 
respectively. Unfortunately this is a rather difficult mission. The kinematically accessi- 
ble region is large, the physical pictures emerging at the two extremities of the range 
are quite different, requiring different approximation methods and this makes calculations 
directly from QCD hard. 

Nevertheless a lot of effort has been put into studying this decay, both in experiment 
and in theory. The spectrum has been measured by different collaborations (CLEO 

|2[, Belle [Q, Babar |^ ) The QCD based theoretical calculations are either on QCD 
light-cone sum rules (LCSR), which provide reliable determinations at small 0, or on 
lattice simulations [0. In particular lattice QCD allows to solve the non perturbative 
QCD effects numerically, but it is at present limited in the light quark masses that can be 
reached. Thus a final extrapolation in the light quark masses is needed. 

At low energies Chiral Perturbation Theory (ChPT) [0, |^ provides a way to do this 
extrapolation on a theoretically sound basis. For processes with all pions soft this works 
fine and was extended to include heavy mesons in |T0| . The B and B* mesons were there 
included using a heavy quark like formalism known as Heavy Meson ChPT (HMChPT). 
This has been used to extrapolate the behaviour of the form factors near the endpoint. 



5'max = i^B — TTT'n) , wherc the pions are soft 12 1. But a description of the light quark 



mass dependence of the form factors in the entire range of energy is still missing. Therefore 
we lack extrapolation formulas in the region away from maximum momentum transfer. 

A similar problem exists in the case of K^s decay. Here two-fiavour {SU{2)) ChPT pro- 
vides a well defined scheme for the calculation of the formfactors near q'^^^ = [niK — rn.„)^. 
At other values of q^ including ~ 0, the (two-fiavour) power counting scheme breaks 
down due to the presence of a large momentum pion in the final state. However, the 
authors of argued that also in this latter case the coefficient of the chiral logarithm 

log is calculable and thus it can be used for the extrapolations on the lattice at q^ 
away from g^^x- BHl argument was clarified and extended to the case of the K ^ nn 
decays. It was also argued there that this was a much more general circumstance. 

The aim of this paper is to perform the same calculations for heavy meson semileptonic 
decays. These results can then be used to perform the extrapolation to light quark masses 
of lattice results also for values of g^ away from the end-point g^ax- The arguments as 



presented in |jTj] show that also in this case the coefficient of the logarithm should be 



calculable as discussed in Sect. ^. The discussion implies that both the HMChPT formalism 
or a relativistic one can be used. We have performed the calculations in both formalisms 
as a consistency check and have also reproduced the known results for the masses, decay 
constants and formfactors at g^^^,, in both. 

The paper is structured as follow. After a short description of HMChPT in Sect. 0, 
we introduce in Sect. |^ the relativistic Lagrangian that we used as a consistency check, 
since the off-shell behaviour in both formalisms is rather different. In Sect. ^ we define 
the formfactors involved, and how to include the weak current in the Lagrangians of both 
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formalisms. Sect. |] gives the arguments why this procedure should produce the correct 



nonanalytic behaviour in the light quark masses where they are different from [|l^, ^ 
Finally the results for the coefficients are shown in Sect. |^ where we provide also some 
checks of the validity of our assumptions. The appendix gives some results for the needed 
expansions of the loop integrals. 

Throughout the paper we focus on B — )■ rriui decay, but the same procedure and 
calculations go through also in the D semileptonic decays. All formulas are applicable to 
both cases. We are extending this work to the three flavour case as well as to other vector 
formfactors like B ^ D [O]. 



2 Heavy Meson Chiral Perturbation Theory 



In this section we review the main features of HMChPT 0, [T0|, see also the lectures by Wise 



T6| and the book jT^. Chiral Lagrangians can be used to describe the interactions of light 



mesons, as pions and kaons, with hadrons containing a heavy quark. HMChPT makes use 
of spontaneously broken SU{Nf) x SU{Nf) chiral symmetry on the light quarks, and spin- 
flavour symmetry on the heavy quarks. This formulation lets us study chiral symmetry 
breaking effects in a chiral-loop expansion by simultaneously performing an expansion in 
powers of the inverse of the heavy meson mass. 

In this paper we deal only with two-flavour ChPT but the theory can be easily 
extended in the case of three flavours [§ , thus including kaons in the description. The no- 
tation is the same as in [1T3 . The lowest order Lagrangian describing the strong interactions 
of the light mesons is 

4'i = ?((«X) + (x+)), (1) 



with 
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(2) 



The fields s, p, = v^ — a^ and = v^ + a^ are the standard external scalar, pseudoscalar, 
left- and right- handed vector fields introduced by Gasser and Leutwyler []^, ^. 

The field u and transform under a chiral transformation Ql^ Qr G SU{2) l x SU{2)ji 

as 



u 



gnuh^ = hug 



t 



U,, 



(3) 
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In h depends on m, ql and qr and is the so called compensator field. The notation (X) 
stands for trace over up and down quark indices and all matrices are 2x2 matrices. 

We now begin with a brief synopsis of the formalism of HMChPT for the two-flavour 



case. The three flavour case was the original formulation P, [T^. In the limit m;, — )■ cxd, the 
pseudoscalar B and the vector B* mesons are degenerate. In the following we neglect the 
mass splitting A = m^. — m^. To implement the heavy quark symmetries it is convenient 
to assemble them into a single field 

H^iv) = ^-±l[B*;{v)Y-B\v)j,], (4) 

where v is the fixed four-velocity of the heavy meson, a is a flavour index corresponding 
to the light quark in the B meson. B^ = B^, B^ = B^ and similarly for the vector mesons 
5*. In (ID the operator (1 -|-'^)/2 projects out the particle component of the heavy meson 
only. The conjugate field is defined as Ha{v) = 7o-ff](f)7o. We assume the field H"-{v) to 
transform under the chiral transformation Ql^ Qr & SU{2)l x SU{2)r as 

Ha{v) KbH,{v) , (5) 

so we introduce the covariant derivative as 



D^M^) = 5abd^H,{v) + T:,H,{v), (6) 

where F^^ = | \v) {d^ — ir^) u + u {d^ — il^) ^t^j^j^, and the indices a, h run over the light 
quark flavours. Finally, the Lagrangian for the heavy-light mesons in the static heavy 
quark limit reads 

^heavy = Tr [H aV ■ DabHb] +9^1 [ff aMab^bTA^Ts] , (7) 

where g is the coupling of the heavy meson doublet to the Goldstone boson and the traces, 
Tr, are over spin indices, the 7-matrix indices. The Lagrangian satisfies chiral symmetry 
and heavy quark spin flavour symmetry. 

As a final remark of this section we stress that, in general, the use of HMChPT is only 
valid as long as the interacting pion is soft, i.e. if it has momentum much smaller than 
the scale of spontaneous chiral symmetry breaking (AchSB — 1 GeV). In fact, only in this 
regime the usual ChPT is well defined. For the semileptonic decays of heavy mesons this 
range of energy covers just a small fraction of the Dalitz plot. In Sect. ^ we will give an 
argument why the predictions on the coefficients of the logarithms appearing in the final 
amplitudes are reliable even outside the range of applicability of HMChPT. 



3 Relativistic Theory 

When 7^ qmax it is possible that in the loops appear very off-shell B and B* mesons. 
This in principle changes the non analyticities in the light masses of the loop functions and 
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thus it might affect the coefficients of log m^//i^. It could be that different treatments 
of the off-shell behaviour gave rise to different nonanalyticities. Sect. ^ argues that this 
should not be the case. In order to test this, we are not only calculating using HMChPT 
but also in a relativistic formulation. We also add some redundant higher order terms as 
an additional check. 

For this scope, we construct a relativistic Lagrangian that respects the spin-flavour 
symmetries of HMChPT. It is built up starting from 5" and i?**^ fields, but now in the 
relativistic form, and we treat them as column-vectors in the light-ffavour index a. 

£kin = V^B^V^B-mBB^B-]^B*;^B*^'^ + mBBl^B*^', (8) 
Ant = gMo{B^u''B; + B*Ju^^B) 

+ [-b*;u^v,b; + v,b*Ju^b;) , (9) 

with 5*^ = V^5* - V^5*, and = 9^ + T^. The constant g of (D is the same in (0), Mq 
is the mass of the B meson in the chiral limit. In (H) and (P) we have suppressed ffavour 
indices a, b for simplicity. The fields B and B* transform under chiral transformations 
as B ^ hB. The two terms of £int in contain the vertices BB*7i and B*B*t^. No 
interaction of the kind BBtt appears because it is forbidden by parity conservation. 
From £kin in we find the propagators of the B and B* meson respectively: 



9 9' 99 

— p'^ — 



(10) 



This is to be contrasted with the propagator 1/v ■ p m the HMChPT formalism showing 
the different off-shell behaviour. 



4 B ^ 7T formfactors: formalism 



In this section we review the semileptonic decay formalism. The hadronic current for pseu- 
doscalar to pseudoscalar semileptonic decays (Pj(gj,g) — )■ Pf{qf,q)i^h'e) has the structure 

{PfiPf)\q^7,qf\P^iP^)) = iP^ + Pf) Mq') + iP^ ' Pf) JAq') (H) 



iPi+Pf)^ 



m, 



where is the momentum transfer = p^ —p'^- In our case Pj is a pion, Pj is a -B meson 
and qi = b. For example, to find the — ?■ tt^ formfactors we need then to evaluate the 
hadron matrix elements of the quark bilinear b'^^q, where q = u. 

Heavy quark and chiral symmetry transformation properties of chiral currents dictate 



that the matching of QCD bilinears onto operators of HMChPT take the form ITT], ^ 



b-f^ {1 - -f5) qa iciTr 

h^{l + l5)qa ^ tCRTT[Y{l+l5)UabHb{v)]. 



(12) 
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The constants cl and cr have to be equal because of parity invariance, therefore we can 
conclude 



b'j^qa oc Tr 



Tr 



757^ ( v) 



ab 



Uab] Hbiv) 



(13) 



If no hard pions appear in the final state we can use the definition of decay constant 

{Q\h^.l^q\B{pB))=^FBP^B (14) 

and state cl = cr = \FB^/rnB- Of course this latter result does not hold for momenta 
away from q^^x which case cl = cr is just an effective coupling, as explained in Sect. ^ 
In HMChPT it is convenient to use definitions in which the formfactors are independent 
of the heavy meson mass 



[7t{p^) \ bj^q\ B{v)) 



HMChPT 



[P^v^, - {V ■ Pn) V^] fp{v ■ p^) + V^f^{v ■ p^). 



In ([TSD V ■ Pt^ is the energy of the pion in the heavy meson rest frame 



V -p^ 



2m 



B 



(15) 



(16) 



The formfactors defined in (\U\) and in ( |15D are related by matching the relativistic and 
the HMChPT hadronic current: 



fv{v-p^), f+{q^) 



fp{v-Pn)- 



(17) 



The y/rriB factors in (|T^ are due to the different normalizations for states used in the two 



formalisms. In principle the relations in (|T^ are valid only when q ^ Q'max' i-^- when 
HMChPT is applicable. On the other hand, for the arguments shown in Sect. |^ below, the 
chiral structure of the formfactors in QCD and in HMChPT is the same also for away 
from g^ax- However, this does not imply that (^) holds away from g^ax' least as far as 
regard the tree level term and the leading logarithms. 

A matching similar to (12) has to be done also for the relativistic theory described in 
Sect. H. We identify four possible operators! 



1 



Jf' = -Eitv)V^B + -E2tu^u^B + -Estu^B* + -E^tu^ (V^u^) 



'1^ 



where Ei,. . ., £^4, are effective couplings, t is a constant spurion vector transforming as 
t — tg\^ so that is invariant under SU{2)l transformations. The heavy quark symmetry 
implies m^i^i = E^. Analogously we can introduce a current and thus an axial- vector 
Jl_ = — J^^ and a vector = + current. They are used respectively to evaluate 
the amplitudes of -B — ?■ iv^ and the B — t- tt^z/^ formfactors as defined in (|TT|) . We leave the 



^The last one is higher order but we included it since it has a different type of contraction of the Lorentz 
indices and as an explicit check on the arguments of Sect. |^. 
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discussion for the latter in Sect, 
matrix element at one loop 

Fb = El 



while we quote here the results of the B — )■ vacuum 



^f3 

F2 



(19) 



A(m^) is defined in (p5D in the appendix. Here we only quoted the nonanalytic dependence 



on the light quark masses for the one-loop part. We compare (|T^) with the results obtained 
with HMChPT [l^. We see that Ei plays the role of in [|19| and that the relativistic 
theory predicts the same coefficient of the chiral logarithm in A(m^). 



5 Hard Pion Chiral Perturbation Theory 

In order to study the chiral behavior of the formfactors at away from g^^^^ we can not 
neglect operators with an arbitrary numbers of derivatives on the external pion since now 
its momentum is large. Therefore we must take into account that the usual power counting 
of ChPT does not work and we can not be sure a priori that a loop calculation would make 
sense. 



A similar problem arises in the case of Ki^ decay. The authors of [0 dealt with it 
using SU{2) ChPT to study the amplitudes whether the outgoing pion was soft or not. 
They argued they could calculate the corrections of the type log even in the range 
of energy where the usual ChPT does not work. Their argument is based on the fact 
that only the soft internal pions are responsible for the chiral logarithms. These ideas 
were generalized by the authors of who made clear that those arguments basically 



corresponds to use an effective Lagrangian to describe the hard part of a general loop 
calculation in a chiral invariant way. The situation is shown schematically in Fig. |l[ The 
underlying argument is the same as the analysis for infra-red divergences. Since the soft 
lines do not see the hard or short- distance structure of the diagram, we can separate them 
from the rest of the process. We should thus be able to describe the hard part of any 
diagram by an effective Lagrangian. This effective Lagrangian should include the most 
general terms allowed consistent with all the symmetries and have coefficients that depend 
on the hard kinematical quantities and can even be complex. A two-loop example will be 
given in |]15|. We expect that a proof along the lines of SCET pO| should be possible. Once 



it is accepted that one can do this, a second step is to prove that the effective Lagrangian 
one uses is sufficient to describe the neighbourhood of the hard process and calculate chiral 
logarithms. 



The latter was done in |]T3| for the case of K^^ decays by showing that the matrix 
elements of operators with higher derivatives was proportional to the lowest order matrix- 
element up to terms of order m^. In particular, the part including the coefficient of the 
chiral logarithms log has the same coefficient relative to the tree level matrix-element 
as the lowest order operator. The same was proven for -ft" — ?• tttt in 



As a matter of fact, the semileptonic K decay has the same structure heavy — )■ light as 
the B one when Mk is treated as large compared to m,r as in |T^. The main differences 
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Figure 1: An example of the argument used. The thick hues contain a large momentum, 
the thin lines a soft momentum. Left: a general Feynman diagram with hard and soft 
lines. Middle- left: we cut the soft lines to remove the soft singularity. Middle-right: The 
contracted version where the hard part is assumed to be correctly described by a "vertex" 
of an effective Lagrangian. Right: the contracted version as a loop diagram. This is 



expected to reproduce the chiral logarithm of the left diagram. Figure from [14 



between the two processes are the energies involved and that for the B meson the corre- 
sponding vectorial particle B* is close to its mass-shell. So in order to have a sufficiently 
complete effective Lagrangian in the neighbourhood we need to include the B* as was done 
in the previous sections. However, we expect the kind of arguments presented in [O, |T1| 
to work here as well. 

We note that the effective Lagrangian needs to be complete enough in the neighbour- 
hood of the underlying process. That also implies that if we have two different formalisms, 
both sufficiently complete, the logarithms should be the same. In particular, the HMChPT 
and the relativistic formalism should give the same results. 

We are only concerned with terms of order 1, and logm^, i.e. we are not trying 
to calculate terms of order O(m^) without logarithms. Here we restrict our discussion 
to the case of SU{2) ChPT, and far from g^ax- It is clear that adding (soft) kaon loops 
does not change the validity of the arguments. First we analyze the case of HMChPT and 
thus we need to look at the matrix elements (7r(p,r) \0\ B{v)) where O can be any of the 
operators in (|I3p with possibly more derivatives. We want to show that matrix elements of 
operators with higher number of derivatives are all proportional to the lowest order ones 
up to terms of order (and without logarithms) which are of higher order. We need to 
look at the cases where extra covariant derivatives are added in the operators. We can 
distinguish different possibilities depending on which particle the derivative hits. 

• The case where it hits an internal soft pion line, leads to J d'^ppf^/ {p^ — m^) which 
is always suppressed by three powers of m^. 

• If the derivative hits an internal line which is not soft in a loop, it is part of the loop 
diagram that is described by our effective Lagrangian and is thus indirectly included 
via the coefficients. A simple example is when a pair of derivatives hits a 5-meson. 
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Then we get terms like J d'^pp\/{v ■ — A) . . . ^ J d'^p l/{v ■ p-^ — A) . . ., i.e. 
something that is proportional to the lowest order result and that can be included 
modifying accordingly the effective coupling. It corresponds to change the hard 
structure of the loop diagram, what can be described by a proper replacement of the 
effective coupling, as shown in Fig. |1]. 

• All the extra derivatives should thus act on external lines or tree-level internal lines, 
i.e. those not in a loop. All these can thus be transformed into masses of external 
particles or other kinematical quantities, as here g^. None of these has terms of 
order or m^logm^. The kinematical quantities we keep fixed and masses have 
corrections at most of order compared to the order 1 terms and the order 1 part 
can be absorbed into the coefficient of the lowest order term. 

• Note that if the extra derivatives are contracted with a rather than another deriva- 
tive this can also be put into the value of the coefficients. 

Also in the case of the relativistic theory described in Sect. ^, we need to worry if more 
chiral logarithms arise including operators like the ones in (|18]) but with extra derivatives. 
All the above arguments also work except for derivatives that are contracted with 5*. In 
this case the extra derivatives becomes contracted with the momenta in the B* propagator 
or via Qf^^ to the external current. After that the above arguments again apply. Terms 
involving a contraction with B* can always be reduced to the simplest one which we 
included in (|18D, the i?4 term, and so we have also an explicit test of the last argument. 

Near g^^^^ the above arguments fail since kinematical quantities can contain terms of 
order m^. However, here all pion lines are soft and we are in the regime of validity of 
standard HMChPT. 

The conclusion from this section is that the coefficient of the chiral logarithm log 
is calculable at all values of g^. 



6 The Coefficients of the Chiral Logarithms 

In this section we show the results for the semileptonic decay B — niui amplitudes. 
Hereafter, we quote only the relevant terms, i.e. the leading ones and the chiral logarithms. 
The tree-level diagrams contributing to the amplitude are shown in Fig. ^. The results for 
the formfactors at tree level for HMChPT are UTTl Ol 



fj-iv . p.) = ^, . p.) = f ^;:^f^, (20) 



where a is a constant that takes the value ^JmB/2FB at g^ax- We also have cl = cr 
a/\/2. For the relativistic theory of Sect. ^ we obtain 
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(1) 



(2) 



Figure 2: The tree-level diagrams contributing to the amplitude. A double line correspond 
to a B, a zigzag line to a S*, a single line to a pion. A black circle represents the insertion 
of a -B — 7- TT vector current. 



Near g^^^. = (m^ — m^r)^ the results are obviously the same, since the propagators in 
the second equations of (120|) and (^if) become respectively l/rrin and l/(2m^mB). The 
different factor of 2 is due to the different normalization of states used in HMChPT and in 
the relativistic formulation. Note that the relation of the coupling constant to Fb is only 
valid for q^^^ = {uib — ?t2,^)^. The coupling constant are different at the different values 
of and can even be complex. The precise form of (^T]) is only valid near g^ax- The full 
expressions are more complicated. 

To proceed with the calculation at one-loop we need the wavefunction renormalization 
and Zb- They are the same for HMChPT and the relativistic theory and read: 



3F2 



1 + 



4F2 



(22) 



The one-loop diagrams are shown in Fig. ^ In Tab. [l| we present the results at q^ away 
from g^ax- To find the results in HMChPT we expanded the one-loop calculation of |I2| 



at V ■ ^ niB, — )■ 0. In the relativistic theory we first calculated the formf actors and 



then we expanded the loop integrals for ^ m^, 



m 



B 



q ). These latter expansions are 



shown in App. |^. We check that the coefficients of the leading logarithms coincide in the 
two theories. Summing up all the results in Tab. ^ and including {1/2)Z.,; and {1/2)Zb 
times tree level, we find 



(23) 



i.e. as expected the same coefficients in the two theories. The correction is also the same 
for the scalar formfactor /q and for /_|_. In Tab. ^ we quote also the results in the limit 
(f = q^^^ = {rriB — rriTrY where the two theories must give the same outcome, being one 
the relativistic limit of the other. So this is another check of the validity of our relativistic 
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(3) _ (4) 




(5) 




(6) 




(7) 




(9) (10) 




(11) 



(12) 



(13) 






(14) 



(15) 



(16) 






Figure 3: The one-loop diagrams contributing to the amphtude.Vertices and hues as in 
Fig. I 
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Diagram 


HMChPT 


/o Rel. Th. 


(3) 
(8) 


24 


5 fTree(^2\ 
24F2^0 W ) 




fp HMChPT 


U ReL Th. 


(4) 
(5) 


2 9 a 

6 F3 ti-p^+A 

3 9 a 

8 F3 i)-p^+A 


3^/r^(9') 



Table 1: The coefficients of the chiral logarithms, y4(m^), at away from {mB — m.,^)'^ from 
the different diagrams in Fig. ^. The diagrams not listed in the table do not contribute 
with logarithms. The two Lagrangians give the same coefficients diagram per diagram 
provided the tree level coefficients are correctly identified. 



Diagram 



HMChPT 



/o Rel. Th. 



(3) 



24 P^" 
2 F^" 



_5_ 

96W-' 

3 1 JTI 



fp HMChPT 



/+ Rel. Th. 



(4) 
(5) 
(13) 
(14) 
(15) 
(16) 



2 g 9 
6 

3 a 9 
8 F3 rUn 

3 a 9^ 

4 F'i m-n 

3 a 9^ 
2 F3 

1 g 9^^ 
12 m,r 

1 Q 9^ 
6 F3 m,r 



1 9 
12 F3 2m,r 

3 Fa 9 
32 F3 2m^ 

1 Es g3 
16 F3 2m^ 
1 E:i 



F3 2m^ 
1 Ez 

48 F3 2m,r 

1 ^3 9^ 

24 F3 2m„ 



Table 2: The coefficients of the chiral logarithms, A(m^), at q"^^.^^ from the different di- 
agrams in Fig. 1^. The diagrams not listed in the table do not contribute to the chiral 
logarithms. The two Lagrangians give the same coefficients provided the tree level coeffi- 
cients are correctly identified. 
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theory. Summing up all the results as explained above we find at q 



2 

max 



11 9 



1 ^, 



1 + — + -r -^Mmi 
V 8 8 / ^ 

11 9 2\ 1 2 



F2- 



43 



8 24 



1 



1 + 



3 43 
8 + 24^ 



F2- 



(24) 



i.e. agreement between the two theories. 

As a final check, we notice that the results obtained including only those diagrams 



where no B* appears (i.e. (1),(3) and (8) in Fig. 13 and H) coincide with the ones in ||T3 



for the — 7- 7r amplitudes. The chiral corrections must agree in these two cases since, as 
we remarked above, the only difference between the two processes is the presence of the 
vectorial B* particle. 



7 Conclusions 

In this paper we have calculated the pionic logarithms in the semileptonic B ^ n and D — )■ 
TT transitions. We have reproduced the known results near the endpoint = {rriB — Tn-j^Y ^ 
Eq. (24) and obtained the chiral logarithm also away from the endpoint in Eq. (23) and it 
was the same for both formfactors. 
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A Loop integrals expansions 

We collect the relevant expansions of the one-loop integrals needed to evaluate the diagrams 
in Fig. D in the framework of the relativistic theory of Sect. |^. In the calculation we need 
the one-, two- and three-point functions defined as (d = 4 — 2e) 

A(m?) = - /"t^-^ttt^ — o (25) 



12 



B{ml,ml,p'^) 

ri( 2 2 2 2 2 2^, 



i J {2ttY {k^ - ml){{p - ky - ml) 
d'^k 1 



(26) 



i J {27tY {k? — rnl){{k — pi^ — 'm2){{k — pi — p2y — rnf)' 

(27) 



with = (^1+^2)^- Actually two- and three-point functions with extra powers of momenta 
in the numerator contribute too, but we do not intend to give their definitions here. They 
can be found in in precisely the form used here. We only stress that all these functions 
can be rewritten in terms of (^), (^) and (27) [^. The finite parts of A{m1) and 
i?(m^,m|,g^) are p4 



A{ml) 



167r2 
1 



log ^ 



167r2 



-1 



dx log 



niix + 7712(1 — x) — x(l — x)q^ 



(28) 
■ (29) 



In the calculation of the amplitude the three-point function C{m\,m\,'m\,p\,p^ always 
depends on the masses as {m^ , M'^ , M'^ , m'^ , q"^) with m = m^r, and M = itlb- It can be 
rewritten using Feynman parameters x, y 



C{m\M\M\M\m\q^) 



1 



167r2 



l-x 



dx j dy [m^(l -x-2y + y'^) + M^(x + yf 



+ {q^ - - m'){-y + y{x + y))] ' 



(30) 



In order to find the appropriate chiral logarithms we expanded (pQf ) and (30) for small 
m^/M^ . We quote only the terms of the expansions containing the chiral logarithms 
log (m^Z/i^) 



B{m^,M\q^) 
C{m^,M^,M^,m^,q'^) 



M^-q^ 
1 

"(M2-g2)2 

^ A(m'), 



B{m'^,M^,m^] 



2M2 
0, 



B{m^,M^,{M -mf) 



(31) 

(32) 

(33) 
(34) 
(35) 



The expansions of the three-point functions at q^^-^ are a bit more involved. The reason is 



that the reduction formulas present a singularity at q^ 



(M - m)2 for m2 = 0. Thus 



we expand each of them directly, from the Feynman parameter integral, without rewriting 
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them in terms of (pSj), ( p6[ ) and (27). To do this one rewrites the integral in (30) using 

z = X + y as 



C(m^,M^,M^,m^,(M -mf) = -I dzl dy x 



^0 



^ . (36) 



[W^z"^ + m2 + 2mMy + {m'^{-z - y + y'^) - 2mMyz)] 

The part in the denominator in brackets is always suppressed by at least m/M compared to 
the first three terms for all values of z and y and we can thus expand in it. The remaining 
integrals can be done with elementary means. The result of the expansion is, quoting only 
up to the order needed for this work, 

C(m^M^M^M^m^(M-m)^) = -I (J^Mrn^) + ^Mrn^) + ^Mrn' 

C,,{m\M\M\M\m\{M-mf) = l-l^A{m^) + l-±SA{ni')^ 

Ci2{m\M\M\M\m\{M-m)^) = ^-^Aim') + ^^Aim'), 

C,,{m\M\M\M\m\{M-m)') = -^^^(m^), 

C22{m\M\M\M\m\{M-mf) = -l^Aim'), 

C,,{m\M\M\M\M\m\{M-mf) = -^±^Aim'), 

C2^{m\M\M\M\m\{M-mf) = -^^^(m^). 
The other three-point functions do not give any leading logarithm. 
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